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3< 11 CID'I*+'106HSY0& H-1%+"196//$ #- ¥ IH&, -+ *IH, (((F-+/0>+ 15+ TH/E-A01 0):1(0!! ):1,-.1 (1 11)4

!
<)+ LS9/ #- K (UKD 190K +196#$%0& L

6 Since the angle formed by the poif@g6), (0,!0), and(8,!0) is a right angle, the line
segment connectin@,!6) to (8,!10) must be the diameter of the circl€herefore, he
center of the circle i&4,13), the midpoint othis diameter.

D< )+ MR+ S K+ TH/S - K+ T SIS K+ 106#S% & 5+ *I&H (1#- 1+ TKHS(*IMO,.$,~*LIINO#?'1 -!
'P,%6 -(A'$H-1$O(I/K! | <
!

The distance betwed0 !6) and(8,10) is v 6°1+18%1=110, so the circle has radius 5. The
area inquestion is composed of half a circle and a right triangle.

Its area is(%!! 18 X!G) + Gnsz) = 2%!+!24 square units.

!
%< )+, * (1L VKX TH/S* /- K+ 17+ SHIS K I+ 106# 5% &+, ¥ 1&#' (1#-1*+'1('%/-.IMO,.$,-*LIINO#?'],-!
JHHS$/P#9,*'I -(A'$1%/$$'%o/1/-"1.'%#9,&IH&,%'<Q
We seek the area of the region shown. We have a chord of length 6 in a circle of radius
5.
Label the angle as shown and distande By the Pythagorean theorem,
d = 4. We also have thain(x) =§, sox =136.9;.

The shaded arda the difference of the area of a sector and of a triangle. We have

B HSYR()HH - )0 S A K () n
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a:I( 2x |52> I (ll 161 |4> 1 1(73'8u |25|> 1121141 it
are "\380" Pptetan oot et ) 12ana. square units.

<) I S KR SYOIKIF+ 106H#$Y0& 1+ I&H (H-1*+IKHS(HIMO,.$, - < A#*+1'- H/#-*(1/-1+'L P'(L!
NO#?',-I'P,%*1 -(A'$I#-1*$9(1/K! <

Since his arc is a semicirclét is half the circumference of the circle in Ien%]m:!Z! 1 151=15! units.

') (&S KT 061K+ 1064908 T*+ K &H (H-1%+1(o/-.IMO,.$, -V AB*+1'- H/#-*(1]-1%+']
P'(L INO#?'1-L HHS$/P#9,*'1 - (A'$1%/$$'%6*1%/1/-'1.'%#9, &IH&, %!<Q

Using the notation of part (cthis length is%!!?! msh !%)8 x 10! =16.4 units.

K< Cl&#-"IIKI(&/H HE(1*,->"-* 1 1*+ 10 # 8% &' | A#*+IH/#-*1KI%/-*,%* 1#-1*+' IK#S (*IMO, . $,-*<I1)+,*] $'1*+']
%l/1$.#-,*' (/K*+ *IH/#-*1/K!%/-*,%*L

Draw a radius from the center of the cirgig!3), to the point of
contact, which we will denotg,ly).

This radius is perpendicular to the tangent line and has slope 1.
Consequentlyin—_!j I=I1; that is,y ! 3I=Ix! 4.

Also, since(x,ly) lies on the circlewe have 6
(x! 4)2+1(y! 3)21=125,

For both equations to hgldre must have

(x| A)2A+(x! 4)21=125 givingx!:!4!+!%, orxl=141 % Itis clear /

from the diagram that the point of contact we seekitsascoordinate
to the right of thex-coordinate of the center of the circle., 8boose

COMMON 4267808 "HSY& (), )HEHIOM IS 42 () ny
CORE’ 2<:8% 1234236 eng' a_g' e @K
1
. Y . . . @+#('A/$BI#(1&#%'"-(".10-."81,!
B ITBSINIO0) - IS AEIGIS>+(S($7 < 1G4l - GBER (@) BY-NC-SA_] "$',*#(?'!"/99/-((!0**;#E)o*#/- EL-199'$06#,8. B+ $CEH#BIA<BIG-HISY. 1#96-01<




reswatal Sa0s ) eensk. (%l 8 )12 45842678$+09899:81:5+<< [

"#$"%&' (

x!:!4!+!%. The matching-coordinate is

_ _ _ 5 . . 5 5
yl=Ix! 41+131=Ix ! 1!—!3!+!z, sothepoint of contact has coord|naté$!+!ﬁ,!3!+!ﬁ).

>< J(%$HD'LI(MO'-%6'KI*$,-(K/$O, *#-(1*+ I (+/ Al VSV RIH(| (HO#&, $1*/1, 1%6HS% & | At +1$, #0(1/-']
%0'-H'$ 1 ¥ S #-<]

Circle C has centd#,!3) and radius 5.

First, translate the circle four units to the left and three units downward. This gives a congruent circle with the
origin as its center. The adius is still 5.)

Perform a dilation from the origin with scale fac%orThis will produce a similar circle ceared at the origin
with radius 1.

+< GKPFHI9(MO™-%' /KIS, - (KIS, *#/- (1 (L HH&H ¥ 1 +1* ->'-*1&#-'L ' (%$#D'. [#-1H, $*INKQ: | A#&&!*+'!
#9,>'NKI*+ *1&#-'1 &(/ID'),1&#-"1*,->"-* X *+'106#$% &'V KIS, #O(1/-'1%"-*'$". |, D/O*I*+'/$#>#-LILKI(/:!
A+ *L ST+ 190//$.#- % (KX TH/#-*KI%/-* %0 K +#(1#9,>'1 &#-"1 - P+ #(1%0#$ %0 &L !

Translations and dilations map straight lines to straight lines. , Theigangent line will still be mapped to a

straight line. The mappings will not alter the fact that thdecaiad the line touch at one point. Thile image
will again be a line tangent to the circle.

. . . . . 5 5 . 5 5
Under the translation described in parttfile point of contac(4!+!ﬁ,!3!+!ﬁ), is mapped tc(ﬁ, ﬁ). Under
the dilation described, this is then mappeéseza \/—15)

7< - IHIKHS 081D &I+ 1964968 | A+ 1%L TIHS%609 (% $HD'E <!
|

i?/#-*(!! A UL $0%0/&&H- R I&H-THS/0SHIT - TR -SRI 106#$% & TRI@+'1%' - $I/K!
*+1%HS%N &\ &H# (1HA(H Y 4

P
< SHTA/L & (15 #,55,915+ %1 $196/-5>$0":1 - 'PH&,#-IA+TIF+T1, $'196/->$0"-*< |

Draw two radii as shown. Let! BAC!=Ix. Then by the
inscribed/central angle theoreme havem! BOC!=I2x.

C
Since! BOC s isosceles, it follows that
I A
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m! OCB!:!§(180i! 2X)1=190; | x.
By the radius/tangent theorem! OCP=!90;, som! BCP=Ix.

We havel BAC!! I BCPbecause they intercept the same arc and have the same measure.

D< KU (194 HA-*KE 1= 1" 1 LA+ S g L

By the previous question, triangles ACP and CBP each have an angle of measure x and share the angle at P.
Thus, they are similar triangles.

Since triangles ACP and CBP are similar, matching sides come in the same ratiolz—zllihgrgs:., Now,
API=I211IPB, andPC=17, so=!=1—— This givesPBI=!—.
7 "2PB V2

%<.;IQ! P 1 I - 4197 (0S/KPF+'1L,$%! 1" IH(1M#S A+ X7 T L

By the inscribed/central angle theorem, arc BC has measuye BQO
the secant/tangent angle theorem
130i!'! 1100;j
m! P!:!f!:!ﬁi!

(One can also draw in radii and chase angles in triangles to obtain the
same result.)

4< @+'1%#$%09(%$#HDH#->1%#$%&', - 1*+'1#-(%$#D". 1 %#$% &' /K!,!

*$i,->&'1+, 2 1%+'1(,9'1%'-*'$<] |

®
[
|
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UTLS$ A#->I*+$"1$, ##1KI*+'19%#$%09 (%$#D#->1%#$%& " I'PHEMARTFO(F D' 'MO#,->0&,$!,-:!
*+'$'K/$ 'MO#&, 'S, &<

Draw the three radii as directezhd label six angles a, b, c, d, e, and f as shown.

We have a = f because they are base angles of an isosceles triangle. (We have
congruent radii.) Inthe samey,b=candd=e.

From the construction of an inscribed circle, we know that each radius drawn is
angle bisector of the triangle. Thuge have
a=b,c=d,and e =T.

It now follows thata =b = c =d =e =fln particulara + b =c + d = & f, and the
triangle is equiangularTherefore they areequilateral.

R$/?',> #-1%+ *1*+'1*$# ->&'190(*ID'I'MO#&, *'$, & I DO**+#(1*#9"'IDT!.$, A#->
*+$"$, HHKI*+'1#-(%SHD" . 1%#BE%&'<

By the construction of the circumscribing circle of a triangkech adius in this picture
is the perpendicular bisector of a side of the triangle. If we label the lengths a, b, ¢, d,
e, and f as shown, it follows thatb =c,d = e, and a = f.

By the twotangents theorem, we also have a=b, c=d, and e =f.

Thus, a=b=c =d =e =fand, in particular, b + c = d + e = a;#Hereforethe
triangle is equilateral.

AN
L

e d !
\_/ %<J'(%3$#D'", I ('MO"-%"/KI(*$,#>+*".>'1 - 19%/9H, ((1%/-(*$0%*#/-(1*+,*|
&&IAITION/.$,ALIYHEY & #-(%SHD -1, I>#?'-'MO#&,*'$, &I * B, ->&'<!

The center of minscribed circle lies at the point of intersection of any two angle bisectors of the equilateral triangle.

To construct an angle bisector:

1. Draw a circle with center at one verteloRthe triangle intersecting two sides of the triangle. Call thosepbirds
of intersection A and B.

2. Setting the compass at a fixed width, draw two congruent intersecting circles, one centered at A and one centered at
B. Call a point of intersection of these two circles Q. (We can assume Q is different from P.)

3. The linethrough P and Q is an angle bisector of the triangle.
Next, construct two such angle bisectors and call their point of intersection O. This is the center of the inscribed circle.
Finally, draw a line through O perpendicular to one side of the triarigdedo this
1. Draw a circle centered at O that intersects one side of the triangle at two points. Call those points C and D.
2. Draw two congruent intersecting circles, one with center C and one with center D.
3. Draw the line through the points of intersectafrthose two congruent circles. This is a line through O
perpendicular to the side of the triangle.

Suppose this perpendicular line through O intersects the side of the triangle at the point R. Set the compass to have width
equal to OR. This is thedaus of the inscribed circjeso, drawing a circle of this radius with center O produces the
inscribed circle.

1< |
< =HAFE ]
RN EENINEENEND IR
|
|
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#(1*+1'MO, *#/-1/K!1960#$% &' <IN+, ¥ I#(1*+'1%"- S/ KI*+#(190#3% &' LI +, ¥ 1# (1 +'1$, #O (/K +#(19%0#$%&'L
We have

x! 2)(x! 6)+!(y! 5)(y+!11)!=I0
This is the equation of a circle with cen(dr!-3) and radius/68.

D< Cl9%#$%& 1+, (14,9 SIAA*+I"- H/#- 11 )1,-.1 T T <=4/ Al*+ %P4+ 1'MO, *#/-1 [ K*+#(1%#$%&'1%,-ID'!
AS#H*-1 (!
rrrrrrrrrerrnrr e g
The midpoint of the diameter, whichGigZ—!c,%), is the center of the circldalf the distance between the endpoints,

which is%J(c! a)2l+!(d! b)?, is the radius of the circle. Thubke equation of the circle is

(x! ﬁzm)zm(y! bLZM)Z!:!%((c! 24! b)2).
Multiplying through by4 gives

(2x! a! o)2+!(2y! b! d)2=I(c! a)2+!(d! b)2
This becomes

A2+ | Axal AxcH+2ad+4y2+Ib+Id? | 4yb! dyd+I2bd=Ic2+a2 | 2ad+id?H+b? T 2bd.

That is

4x%1 4xa! 4Axc+ldad+l4y?! 4yb! 4yd+4bd=!0.
Dividing through by4 gives

x21 xa!l xcHlad+ly?! yb! ydi+lbdi=!0.
That is,
x! ax! oHi(y! b)(y! d)=l0,

as desired.

V< R+ */HH/(#*,->& (KL 1% T%&#%!IMO, . $#&,*'$,&! $'(OHH&'9*, $T<!

Consider a cyclic quadrilateral with tviterior opposite angles of
measures x and gs shown.

The vertices of the quadrilateral divide the circle into four arcs.
Suppose these arcs have measures a, b, ¢, andskown.

By the inscribed/central angle theoreme have
a+t+d=2yandb+c2x. So,a+b+c+d=2(x+Yy).

But, a + b + ¢ + d = 368 Thus, it follows that
360

I+lyl=1—1=I H
xl+lyl=l=—=1 1180;i.
By analogous reasoning, the angles in the second pair of interior
opposite angles are supplementary as well. (This also follows from the
fact that the interior angles of a quadrilatexdtito 360« The second
pair of interior angles have measusaeklingto
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360Y! x! y =360y 180Y= 180Y)
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